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An algebraic solution of a Coulomb problem in the M-dimensional relativistic
configuration T, - space is presented.

LIntroduction
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version of the relativistic quantum mechanics has been developed. It s
based on the concept of the relativistic 3-dimensional configuration T -space
(1], which arises when we use the Fourier expansion over the relativistic
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(88) = (o, - par**
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instead of the usual plane waves e*’. The system of functions (1.1) is a
complete and orthogonal onc on the mass hyperboloid p,” -5 =1 of a
unil mass partick. From the geometrical point of view, on the mass
hyperboloid p,” - 5° = 1 the 3-dimensional Lobachevsky space is realized,
the group of motions of which is the Lorentz group SO (G./).

In the nonrelativistic imit

Llim (7p) = &* 12
The relativistic quantum mechanics in F-space carries many important

features of quantum mechanics, but in distinction from quantum mechanics
the equation for the wavefunction of the relativistic motion is writlcn in a



solvable problems of quantum mechanics (harmonic oscillator, square-
well and Coulomb problem) has been considered [2-6].

There are also the algebraic approaches in the description of quantum
systcms by the theory of dynamical symmetries [10,11], poteatial groups
[12], Casimir operators with mixed spectrum [13]

The purpose of the present paper is to solve a fimite-difference equation
that describes a Coulomb problem im a M-dimensional relativistic
configuration space by Lic algebraical method.

1. N - dimensional relativistic configuration =, -space
The MN-dmmensional relativistic configuration I, -space is imtroduced
[14] by analogy with the 3-dimensional relativistic configuration I -space.
Namely, traasition to the T, -space

vE= o BBy e
is performed by the expansion in terms of the matrix clements
»-1
(f.l_ﬁ,) =(p; --ﬁl‘ﬁlj Ol @2

I, = ri,, ﬁ:"-!

of the infinite - dimensional unitary representations of the N - dimensional
momentum Lobachevsky space motion group SOYN,/), which s  realized
on the wpper sheet of the  hyperboloid p°-5,°-
=p, -p; -P; — =Py =1
The MN-dimensional relativistic “plane waves® (22) are the
cigenfunctions of the free Hamiltonian H,”, which in the spherical system
of coordinates , = (r 6,,0,,...,0,_,) has the form
i(N-1) A, 19,

B™ =chid +———shid, -
e =" 2r “Har-im-3)°

23)

where A, is the Laplace operator on the umit sphere S~ . The
cigenfunctions of A, are the Mdimensional  spherical harmonics
¥,(6,,0,,...,6, )
Ag-rmrﬂ;!a;t"-fa'-lj =-1(1+N- 2" 'Yﬁml'a!"""o#-l‘} ’ u“’
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3. Coulomb problem in the N-dimeasional relativistic configuration
I, -space
Here we consider a simple generalization of the 3-dimensional
relativistic Coulomb problem to N-dimensional case. In the N-dimensional

relativistic configuration I, -space a Coulomb problem is described by the
fimite-difT :

(8,7 -a/rhw(zs,) = Ep(z,) . G.n

Due to the geometrical OYN) symmetry the angular dependence of the
wavefunction is defined by the spherical harmonics

-\
w(L,) -[f-r)[ ® ]r.,fr.l Y.,0.0,.,...26,,). (2

Therefore, a problem s reduced to finding the cigenvalues and
cigenfunctions of the radial part of a Hamiltonian

(.7 - a/r)wulr) = Eyy(r) G3)
where
H™™ =chid,+ “i;”e” L 1=1+223 @
and x* is the generalized degree x‘* = ‘w.nmu
-1X
equation (3.1) algebraically, we introduce three operators
I;*rchiﬂ,+1ry-”shjé‘t—# paill
2r-i(N-3)
r‘=1‘, (ER)
T=rshid, +——2lch; a,-—_“’-——e"'-
2 2r-1i(N-3)

They satisfy the commutation relations of Lic algebra SO (21):
m'rll-iT I m»n"ir. r [T.I",]-.il', (3.6)
The direct cakculation shows that the Casimir operator is equal to
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From (3.7) it is follows that to each valuc of the orbital quantum
number corresponds an irreducible unitary representation D+ (—L-1) of
the group SOY2,/) with the cigenvalues of the compact generator I, which
arc bounded below and areequalto n=n, +L+1, wheren, =0,1,2,...
B the radial quantum aumber.

In terms of (3.5) the equation (3.1) (after multiplying by r) has the
following form

(I,- &1, -a)y = 0. (3.8a)
By mecans of the unitary transformation ¥ =& **"y, the cigenvalue
equation (3.8a) can be written as

(af, + BT, -ajy=0 , (3.8b)

where a = ch®-esh®, b=sh@- Ech®.
Let us consider the cases |5 < 1 and |& > | in (3.8b) scparalely.
If |H<1, then the compact gemerator I, can be diagonalized.

mmmaiam-e=%mﬁ,ummum
form
(VI-E'L,-afp=0 G9)

From (3.9) we obtain a discrete energy spectrum for the M-dimensional
ativistic Coulomb probi

E- I-% ’, n-q+1+% (3.10)

If || > 1, then the noncompact generator T, can be diagonalized. For
ﬁimﬁnm&=%1nﬁnﬂdﬂi'.ﬂﬂ{l!b}lh
equation

[\\‘E’ —1(sgnEJT, +aP =0 G.11
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algebraically. They are expressed in terms of hypergeometric function
F(a,b;c;z).
Inlhcu:nﬂhd‘-ammf:_-cnsz_,nhu

Vis(T) = (~rf*" Ve ™P(-n , -ir+L+1;20+2;1-¢% %)
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oty 2 ia :
V(X)) = (-r )=V " * Fl’LfIE, ~ir+L+1;2L+2;1-e1)
z
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SONLU-FORQ TONLIYIN® COBRi YANASMA
N-5iili relyativistik 7, -konfigurasiya fezasinda Kulon meselesinin  cobri
hedh verilougdir.
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LILM. Harwes
AJTEBPAHYECKHHA NMOAX0/ K KOHEYHO-PAIHOCTHO-
MY YPABHEHHIO LIS N - MEPHOH PEASTHBHCTCKOR
KYJAOHOBCKOH 3AJJAYH

.Iluuttuﬁpumpﬂl__:m“-lﬁmpm
BHCTCKOM KOHGHI YPAIIIOHHOM I, -POCTPaHCTBE.





